The purpose of this paper is to prove, in particular, that any simultaneous double collision orbit in the collinear four-body problem can be C' regularized with respect to time provided the masses are suitably restricted.
INTRODUCTION
We consider the classical four-body problem which is defined by the motion of four mass points on the line under the influence of the Newtonian gravitational force law. As the particles move, two or more of them may collide which then causes the differential equations describing their motion to be undefined. A method of studying the behavior of the motion of the particles in a neighborhood of a collision is to make a change of coordinates and of time scale so that in the new coordinates the flow of the associated differential equations can be better understood. If, in the new coordinates, the orbits which approach collision can be extended across the collision in a smooth manner with respect to time, then we say that the collision orbits have been regularized. The coordinate and time transformation then constitutes a regularization. The regularization is of class Ck, k > 0, or real analytic if each collision orbit of the transformed differential equations is Ck or real analytic, respectively, as a function of time in a neighborhood of collision. The concept of regularization just defined refers to the extension of each individual collision orbit across collision. We will refer to this as regularization with respect to time. A related question is that of the smoothness of the flow in the transformed system with respect to initial conditions in a neighborhood of each of the transformed collision orbits. This defines a different type of regularization if the flow also varies smoothly with respect to initial conditions in a neighborhood of each of the collision orbits. We will refer to this as regularization with respect to initial data. This type of regularization, in general, was first studied by Easton [4] . The other 415 type of regularizarition goes back, in particular, to Sundman [ 121 in his studies of collisions in the three-body problem (see, also, [9] ). The purpose of this paper is to investigate the regularizability of simultaneous double collision. This occurs when both pairs of our particles simultaneously perform two double collisions at two distinct points on the line. We will prove that this collision can be C' regularized with respect to time provided the masses of our particles are suitably restricted. This represents the main result of this paper, and is stated more precisely below as Theorem 1.1 in Section 1. The possibility of obtaining a regularization with respect to initial data is not considered in this paper. Theorem 1.1 sheds some light on a question posed by McGehee on the regularizability of simultaneous double collision. Our results are proven below in Section 2 and 3. The questions of whether or not the smoothness of our regularization can be improved or if the mass restrictions can be dropped are open.
It is important to distinguish between the cases of simultaneous double collision and a single double collision, where only two of our four particles collide. Many real analytic regularizations, with respect to time and initial data, are known for a single two-body collision; for example, see the work of Levi-Civita [ 141, Kustaanheimo and Stiefel [S, 14, IS], Moser [lo] , and the author [ 11. However, it will be seen in Section 2 that the nature of the singularity for simultaneous double collision is entirely different from the single double collision case. As a result, the technique of single two-body regularizations cannot be directly applied in any obvious way.
For completeness, we remark on two other types of collisions that can occur in the collinear four-body problem. One is where three of our particles simultaneously collide in a triple collision, and the other is where all four collide in a quadruple collision. It follows from the work of McGehee [7, 81 that these two collisions cannot be regularized with respect to initial conditions. In Section 4 we make some concluding remarks. We now proceed to the next section and state our results more precisely.
EQUATIONS OF MOTION AND MAIN RESULTS
We let qk E R, k = 1, 2, 3, 4, denote the positions of our four particles on the line of respective masses mk > 0. We assume, without loss of generality, that q1 < q2 < q3 < q4 (see Fig. 1 We put the center of mass at the origin, without loss of generality, which implies which we will refer to later. If we restrict outselves to constant energy levels H(p, q) = A, for each A E R, then the three integrals (l.l), (1.3), (1.4) reduce the dimension of the phase space (p, q) E R* from eight to five. We now define simultaneous double collision by the set C = Z(q) given by (see Fig. 2 ). z = 14 E R4 191 = 92, q3 = q4,q2 f q31
The following theorem will be proven. THEOREM 1.1. Any simultaneous double collision orbit can be extended across Z in a C' fashion with respect to time, after a change of coordinates and time scale, provided the masses belong to either of the two sets M1={mi>O)m,=m4,m2=m,) or (see Fig. 3 ).
M2={mi>O(m,=m,,m,=m4} Lemma 1.1 is a key result instrumental in the proof of Theorem 1.1 which we will also prove, among similar results. We assume q(t) is defined for t > 0. LEMMA 1.1. Let q = q(t) denote a simultaneous double collision orbit encountering Z when t = 0, then, restricted to this orbit,
It is remarked that (1.5) is true irrespective of any mass restrictions and of the given collision orbit. Before proceeding to the proofs of the above results, we remark that M, and M, are the solution sets to the following system of equations, m, f m2 = m3 + m4, m,mz = m,m,.
Thus, according to (1.5) and (1.6), the regularization described in Theorem 1.1 is achieved precisely for those simultaneous double collision orbits which yield a limit of one in (1.5). Furthermore, (1.6) also implies that in order to satisfy Theorem 1.1, simultaneous double collision must occur in such a way that the two pairs of particles each collide symmetrically with respect to the origin. This follows because restricting (1.3) to Z implies, in general,
where q1 and q3 now denote the positions where the two pairs of particles collide, where q, < 0, ,ql > 0 are both finite. In particular, (1.6) then implies q, = -q3. We assume q3 -q1 is bounded away from 0 on Z.
We now proceed to Section 2, and prove Theorem 1.1. Lemma 1.1 will be proven in Section 3.
2. PROOF OF THEOREM 1.1.
We first very briefly motivate the idea behind the proof of Theorem 1.1. Towards this end, let q = q(t) denote a simultaneous double collision orbit encountering C when t = 0. Then as one sees in (l.l), the terms which are undefined on C, when restricted to this orbit, are the ones which contain the denominators q2 -q1 and q4 -q3, respectively. In order to remove the singularities due to these terms in (l.l), (1.2) as q(t) --t Z, we seek a transformation of the coordinates (p, q) and of the time 1 so that in the new coordinates the simultaneous double collision orbit can be smoothly extended across C with respect to time. However, the difficulty encountered in performing such a transformation is due to treating the two terms q2 -q, and q4 -q3 independently as q(t) -+ Z. We will get around this by expressing one in terms of the other along q(t), for t sufficiently near zero, which we can do in view of Lemma 1.1. We can then write qdt) -q1(t) = Q(t)(qdt> -qdf))r where Q(t) + (m, + m2)""/(m3 + n~~)l'~ as t + 0. This will then allow us to reduce the number of singular terms in the vector field from two to one. This results in a vector field similar to one obtained for a single two-body collision. This vector field along q(t) is shown to be continuous at t = 0 after applying a Levi-Civita transformation together with a time scale. This continuity will result in a C' extension of q(t) with respect to t. However, it will be seen that the Levi-Civita map will succeed provided the masses belong to either of the sets M,, k = 1, 2. The extension f(r), r < 0, to x(t) = (p(t), q(t)) will be shown to be (-p(Tt), q(-t)), r = -t.
We now proceed towards the proof of Theorem 1.1. We first bring systems (1. 1 ), (1.2) into a more transparent form by the following symplectic change of coordinates: ql=uIY q2=u,+u2, q3=u3, q4=u3+u4r (2.1)
where one verifies that <-dq, A dp, = + du, A dv,, kYl u3 -24, -u,
We also record the transformed collision set C(q(u)) which we call, for notation, Z(U),
We now prove the following useful lemma, LEMMA 2.1. Let u = u(t) denote a simultaneous double collision orbit encountering Z(u) when t = 0, then in a su$%ient% small open deleted neighborhood oft = 0, u(t) performs no collisions.
Proof of Lemma 2.1. We define the following two sets C,(u)= {u E R4 C,(u)= {u E R4 u2 = 0, u, z 0, u, + u3L u, # 0, 24, = 0, u, f u31, FIGURE 4 which define two single double collisions, where it is noted that u, > 0, U, > 0 (see Fig. 4 ). It is seen that as u(t) -+ .E, as t + 0, there exists an open deleted neighborhood about t = 0, where u(t) does not encounter C, and C,. This follows because as t -+ 0, where U,(C) + 0, u4(t) + 0, both ti2(t) and ti4(t) become unbounded (see Section 3). Therefore, in particular, both uz(t) and u4(t) decrease monotonically towards zero as t + 0 for 0 < (tl < 6, where 6 is sufficiently small (see Fig. 5 ). If either u2(t) or am were zero for such t, their monotonicity would be violated, for if either one were zero it would then have to increase in value as the associated pair of particles made an elastic bounce. This also implies that no triple collisions or a quadruple collision can occur which would also violate the monotonic rate of decrease of u*(t) or u4(t) for 0 < 1 tI < 6. The final type of collision that is left to consider is a single double collision between the middle two particles. If such a middle collision occurs, either u,(t), u4(t) maintain their monotonic rate of decrease as t + 0 as the middle two particles collide and then rebound, or else their monotonicity is violated in the process of the middle two particles colliding and then rebounding. By the above, the latter case cannot occur for 0 < ItI < 6. Thus, we must prove that the former case cannot occur. For this case two things, in particular, can happen. After the collision, the middle two particles can cease to collide whereby u*(t), u,(t) tend monotonically to zero, or else they will repeat this type of collision in a sequence of times t,, k = 1, 2, 3 ,... , where t, --) 0 as k -+ 03. But one sees that in this situation the four particles will tend towards quadruple collision which cannot occur, by definition, on C for t = 0. Therefore, this sequence of middle collisions will cease from some value of time on, and then u*(t) and uq(t) will tend monotonically to zero as t--t 0. Therefore, for It / > 0 sufficiently small, no collisions between the middle two particles will occur as u(t) --t ,?Y. This concludes the proof of Lemma 2.1. FIGURE 5 An immediate consequence of Lemma 2.1 is the fact that along u(t) the functions G(u) and &/au,, k = 1,2,3,4, are well defined and, in fact, continuous functions of t for t sufficiently near zero. This follows because G' is singular only for triple collisions, a quadruple collision, or a double collision between the middle two particles, and all of these collisions are prevented by Lemma 2.1.
We now state and prove two Lemmas which will allow us to simplify the vector field defined by (2.4) along any simultaneous double collision orbit in a neighborhood of simultaneous double collision. It is important to note that the limits in (2.5)-(2.8) are all independent of the given collision orbit u(t). It is also remarked that (2.5) is equivalent to (1.5).
We now prove (2.6)-(2.8) which are fairly straightforward. Equation (2.5) will be proven in Section 3. The fact tik(t), or equivalently vk(t), k = 2, 4, approach infinity as t -+ 0 will also be proven in Section 3, Lemma 3.1.
Proof of Lemma 2.3 Given Lemma 2.2. Assuming Lemma 2.2 is true, we
will prove Lemma 2.3 by L'Hospital's rule and the general mean value theorem. We first prove that (2.8) follows from (2.6). This is due to L'Hospital's rule, for by Lemma 2.1, .v2(t) and v4(t) are smooth in a deleted neighborhood of t = 0 and both v,(t) and v4(t) approach infinity as t + 0.
Thus, the existence of (2.6) implies the existence of (2.8) and they must agree. To see that (2.7) follows from (2.5) we use the generalized mean value theorem which implies that there exists a value of t = t*, 0 < ( t* 1 < 1 tl such that We now prove that (2.5) implies (2.6). Then, the complete proof of Lemmas 2.2 and 2.3 is reduced to proving (2.5) which, as remarked above, is proven in Section 3.
Proof of (2.5) Implies (2.6). The vector field given by (2.4) implies
where GUk, k = 2, 4, are continuous along u(t) for t sufficiently near zero. Now, one computes that ','y U:(t) G,Jt) = 0, k = 2, 4, where GUI(t) denotes eU, along u(t), then assuming (2.5) implies
This concludes the proof. Now, rik(t), vk(t), t),Jt), k = 2, 4 are nonzero in a sufficiently small deleted neighborhood of t = 0, along a given simultaneous double collision orbit u(t), since as t + 0 these quantities become unbounded. Since, by Lemma 2.1, u,(t), k = 2,4 are also nonzero in a sufficiently small deleted neighborhood of t = 0, we have the following result. Also, the functions U,(t), VJt), k = 1, 2, are smooth, in fact, real analytic, for t # 0, and can be continuously extended to the above limits for t = 0.
We now simplify the vector field given by (2.4) and the energy d given by (2.3) by using (2.9), (2.10) to eliminate the variables u,, ti,, uq, ti4 along any simultaneous double collision orbit u(t). One verifies that (2.4) becomes til = h(u, t), ti,=&, -u*), ml ti,=--A,(t)u;*+g(u,t), 
It is noted that the terms &/au,, k = 1, 2, 4 are functions of u,, u2, u3, and 1, since u, was replaced by U,(t)u,. It is also noted that in obtaining (2.11) we also eliminated the variables v3 and d, which can be done, in general, because (1.4) is mapped into Y, t v3 = 0 which implies ti, t ti3 = 0. Thus, ti3 = -ti,, o3 = -0,. We, finally, remark that the terms (1 + V*(t)), (1 + U,(t)) which occur in denominators in (2.11) are nonzero for t sufficiently small according to Lemma 2.4. Thus, for such t these terms will not introduce zero denominators. and where we added the constant -1 E R to fi(u, v), without loss of generality, and set fi = g -1. We now make the assumption that E? is fixed to its value A = A* along u(r) corresponding now to A = 0. Therefore, the system of differential equations given by (2.11) with l?, given by (2.12), restricted to zero must be satisfied along our given orbit u(t) for t sufficiently near zero. Clearly, the right-hand side of this system is certainly continuous in t for t near zero, and is smooth in all the other variables uk E R, k = 1, 2, 3, uk E R, k = 1, 2, except at u2 = 0 corresponding to simultaneous double collision. It is now our goal to remove this singularity by a Levi-Civita transformation and a time scale.
The map we use is given by w2 v2=-, where z2(s) is a component of our orbit u(t) in the new coordinates. Clearly, z2(s) + 0 as s -+ s*, where s -+ s* corresponds to t * 0. At this stage s * is undetermined and, in fact, could be infinite. We will see below that s* will be a well-defined finite number. We assume z2 1 0 as s 1 s*.
In what follows, we will let z(s) symbolically denote our simultaneous double collision orbit formally called u(t). This orbit considered for s is a sufficiently small neighborhood of s *. It is verified that (2.11) becomes w; = z:lqz, s), w; = (+w;d,(s)-2A1(s))z;' + $(l + 02,,,-1(~;;m~,) w,w2 + 22: 6(z, s), (2.15) z; = -m;'z,(z,w, + fw, P,(s)),
where ' E d/& and where the symbol ^ was put on all the functions previously given in terms of U, t to now denote the fact they depend on z, s, respectively. The singularity at z2 = 0 occuring in the equation for w; in (2.15) will be removed by making use of the relation A = 0 along the collision orbit u(t) as t + 0, after applying the transformation given by (2.13), (2.14). Before transforming (2.12) we first note that
17) + since similar relations hold for V,(t), Uk(t) because of their continuity at t = 0. It is noted that Ak(0), D,JO), both nonzero, are easily computed from Lemma (2.4) and from the definitions of A,(t), Dk(t) in (2.1 l), (2.12). We will record their values below.
We now transform the relation fi = 0, where fi is given by (2.12). It is verified that substitution of (2.13), (2.14) into this relation and then multiplying by zi yields +(S)w; -z2 t mI C(s) -m3 2mlm3 i
Wl w2 -m> -z; i m,+m3 2 G+A"-2m m w, =o.
We now use this relation to calculate the component wZ(s) of our collision orbit z(s) as s+ s*. Before doing this, however, we first show that lim wi(s) exists and is a finite number as s + s *. This will clearly be the case if lim u i(t) exists and is finite as t -+ 0. But this follows from the value of ti i along u(t) given by (2.1 l), whereupon Cl(t) = h(u(t), t). Since h is continuous for t sufficiently near zero, then so is C,(t) and, hence, zii (t). Thus as t -+ 0, vi(t) continuously takes on the well-defined finite value v,(O) which is also the limit of wi(s) as s + s*. Now, because the limit of w,(s) is finite as S-P s*, then we see from (2.18) that the limit of w*(s) as s + s* is also finite. This follows because (2.18) is a quadratic equation for w*(s) which we can which is nonzero, where we used (2.17). On account of (2.19) we obtain from (2.18) a key relation which will enable us to conclude that the singularity at z2 = 0 in (2.15) can be eliminated provided the masses are properly restricted. In particular, dividing (2.18) by z2 yields + t v%--3 w w 2m, m3 1 1 2' Thus, in view of the above, = 12 ml WV-m3 t % m3 1 D;'2(o)D; "'(O)V, (0) (2.20) which is a well-defined finite number. LEMMA 2.5. The singularity at z2 = 0 occurring in (2.15) can be elimintated by use of (2.20) provided the masses are restricted to the solution set of system (1.6), i.e., to M, or M,.
Proof of Lemma 2.5. According to (2.15) , the only term containing the denominator z2 is the first term on the right-hand side of the equation for w;. This is the only term which appears to be singular as z2(s) + 0. We now show that this term has a well-defined limit as z2 + 0 by justifying the With K, A4 defined as in Lemma 2.2 one calculates that the latter two equations are given by, respectively,
whose solution set is uniquely given by which yields (1.6). It is emphasized that the above mass conditions and associated limits have values independent of the given collision orbit.
We now conclude the proof of Theorem 1.1 with LEMMA 2.6. The vector field given by (2.15) yields a C ' extension of z(s) with respect to s across simultaneous double collision.
Proof of Lemma 2.6. Under the conditions of Lemma 2.5, the right-hand side of (2.15) has a well-defined finite limit as s + s* along z(s). Moreover, z(s) intersects the collision set z2 = 0 transversally, since letting s-+ s* in which is nonzero (see Fig. 6 ). Thus, s* is a well-defined finite number denoting the time of intersection of z(s) with z2 = 0, corresponding to t = 0. Thus, z(s) can be extended across z2 = 0. This follows by matching y(s) = ( z*,z2,z3~w~,w*)~~>~ *, from (2.15) at s* with y"(s), s < s*, obtained from Z(r), r < 0. One checks that y =p at s *. The vector field given by (2.15) is clearly continuous at s = s* and, therefore, the components w, , w2, z1 , z2, z3 are continuously differentiable functions of s when s = s *. This concludes the proof of Lemma 2.6.
Hence, the proof of Lemma 2.6 yields the proof of Theorem 1.1. However, it remains to prove Lemma 1.1, which now follows, as well as some related results. FIGURE 6 3. PROOF OF LEMMA 1.1 AND RELATED RESULTS
We begin this section with a proof of the result of which we have made considerable use. We now prove Lemma 1.1, stating it in terms of the coordinates uk, k = 1, 2, 3, 4, defined by (2.1).
LEMMA 3.2. Let u = u(t) denote a simultaneous double collision orbit, where t = 0 corresponds to collision, then Proof of Lemma 3.2. The functions u2(t), u4(t) are smooth for t # 0, and continuously take on the value of zero when t = 0. The generalized mean value theorem then implies where 0 < 1 t I* < / tl and where 1 tl is sufficiently small. Now, (3.2) implies where e(t) -+ 0 as t -+ 0. Substitution of (3.6) into (3.5) then yields u2(t) c-1 2 u,(t") U4(0 -=c,c,' +&(t*). U,(t*) ( 
3.7)
By making use of the fact that both u, and u, tend to co monotonically, then one sees (3.7) yields the proof of Lemma 3.2 by letting t + 0.
CONCLUDING REMARKS
As was seen above, we can achieve a C' regularization with respect to time for any given simultaneous double collision orbit provided the masses are restricted to a set of codimension two. At this stage it is not clear if the smoothness of the regularization can be improved from C' to Ck, k > 1, or if the set of admissible masses can be enlarged to a set of smaller codimension.
It is also noted that it is not known if the above regularization for the collinear four-body problem can be extended to simultaneous double collision in the higher dimensional four-body problem of dimension n > 2, and then, more generally, to the case of three or more simultaneous double collisions occurring in the N-body problem of dimension m, where N > 6, m > 1. However it seems likely that our technique of regularization will go through in these cases also.
